QUANTHTFATINVE

APQROAQ_

AnNsSwer to guestion
First case : POPULATIONS




HOMOGENEITY
AND
HETEROGENEITY



According to our definitions, a SET of
UNITS IS said to be :

HOMOGENEQOUS : when ALL units are
STRICTLY IDENTICAL.

HENMEROGENE@US WHERTIS
condiienistRertlinlied:

IHomegeneity can be defined but can
RAEVer e ohsenved. Example ol pure Water
made of molecules H>0, ions H*, OH:, O% to
say nething of all'pessible Isetopic combi-
nations of H and O. 3




The sampling of a homogeneous set by
selection of entire units would, by definition of
NOMOogENnEItY, PE a ...

STRICTLY EXACT OPERATION

Allfsamplingremoersy THEREFORE, StEm
eI GRE [eHMNI G ANGINER O NEIEF@YERNEILY.

HETEROGENEITY IS THE UNIQUE
SAMPLING ERROR GENERATOR

A theory of sampling| IS therefore loegically
derived from a theory of heterogeneity.
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|

EORY OF

HETE

=ROGENEITY

€ NECrogeneity

of a zero-dimensional lot L




THE TWO MAIN FORMS
OF HETEROGENEITY

Wewilidistnguisn BetWeEen twermain
[OIMSI Ol HEIETOUEREIL

® CONSITITUTIONAL FlEFEROIEENE NN
THENRINSIENST U EFCOnSHLtUVENEIEMERTE

L DISTIRIB UM ONAISH ENEROGENEINN

THEURITIS a greup ol adjeining constitutive

elements possibly correlated to one another.
6




DESCRIPTHON OF O £
Lot Lt IS regarded as a POPULATION of

Ny unspeciiied units Uy, - m =15 2, ... Ny

A PIEREIICHICIFCONMPERERNANRN UMD

Al PreReHICRIC COMPERERFATRNGHLE
Vi s mass ottt U

Mi :mass oot L ~Mi=Ny Mo With ...
M : mass ofi the average unit Unx of ot L

7



HYPOTHESIS OF HOMOGENEITY

By definition : a, = a,. liespective of m.

Constitutional and distributional hemoege-
REIES can e mathematcally defined but ane
INACCESSIBIFE [EIMINS REVERIG BE GISEN-
Vedntheeal e

ANYAYROMESISICINGINMGEENEINASTIE:
relereunrealiISticy dangerGUSH FEMOURLS
{0 selving a sampling preblem by jugglng it
out. Lots of money have been lost as the
result of this hypothesis. Human lives ?



HETEROGENEITY h,, of

UNIT U, WITHIN LOT L

L Shoeuld legically e propeortienal te
(@m = an)iandiwelghted By the mass M

K(am -a.) M, (dimension of a mass)

WWehifeltiplel [t ezislar o) elezlf \Wite) falziilie
dimensieniess qUaRLIES; NERCE e
dEefintien Werhave rretained ier i

(am - av) Mm

hp = === % ———=  (dimensionless)




PROPERTIES OF hy,

A thereugh definition of iy IS ...
« CONTRIBUTION of UNIT U, to the

HETEROGENEITY of lot L ».

IErShHeRERNISHERGURYACEhItGREVENVIIIE
IEMMMEVACRFCAlINE

« The HETEROGENEITY of Uy, [in lot L] »

The heteregeneity iy, , a function of
poth grade a, and mass My, , IS a convenient
and thorough descriptor of unit Uy, .

10



TThe heterogeneity hy,, had attracted our
attention when we developed the « EqUIproe-
pable sampling MoeAdEel > BecAlISE the
«samplingVvarance > Was ieUnete e
prepeIcRAINe G4 S IIISAVAS CORfINE
WhHERNVENGEVEIGRECHENNUCHNNGEISOPRIS
Hcalec e RPROBABIINSISVIODEISS NN OO

PARAMETER h, CAN THEREFORE BE

REGARDED AS THE TRUE « VECTOR »
OF STRUCTURAL SAMPLING ERRORS.

11




It IS easy to show that, for the N units of L :

s extendeditont

G, can ke a

.

ACHE

IHeteregeneites are additive (like masses)
IHeteregeneity. i, ol a greup G, IS ...

16 Ne tnits U 61 G,

mentl era Sample’S

TRanksS OIS PIEPERIES, M IS a PeWEKHUI
teol In eur study of the structural sampling
Errors expressed by the mathematical model.

12




CONSTITUTIONAL
HETEROGENEITY CH_ of LOT L

\We first consider lot L as a pepulation of N
constituents F with =1, 2, ... Ng . [lheSe
CORSHUERLS CanEN i @MERIS(HERCE REF);
MEIECUIES GINBRSIINENMEIEIOUEREINACIRENS
RV ENGW CETRE .

CHFSConsttuticnalfFeteregen ety el et
1

CH_= O‘z(hi ) =-—=x2ihj2siNnce Z; h;=0

Ne




HETEROGENEITY
INVARIANT HI_ of LOT L

€| SURErS e &l SEHEUS; SHeHCOMING.
It can usually:NOIF e computed. For this
EaSERNVEIGETRNENNEIEASY e CORPULENHI:

IS EIERC G ENEIRNA NV ANRTROTH O 1L

Hlp = CH_ x M,»= CH,_ x

Use of CH; will be limited to theoretical de-
velopments, that of HI. to practical issues. 14




DISTRIBUIHOINAILL

HETEROGENEINNADIHF e EONFE

\We new consider ot It as a pepulation 6ff Ng
greups G, off adjeining constitients withh i =
1520 NG e EIeGUEREIN G G IS
VWENIBVAGETRER::

DEBISTRPUTENna HEIERG G ENEIN O OTHE

1
DHL = Gz(hn) i} weses En hn 2 since En hn =0

Ng




PROPERTES OF THE
CONSHTUTIONAL
HETEROGENEINNY CiH i ol CONF L=

Trig conseiitsiorzl neisrocjesreiny Cml
ISEERNNTIRSICIRIOPERYVACIREN G R UI G
OIRNFCONRSHIUENTSTE®

It 1S uretiisaicsel 0y olsriclirie) nidirie) of
gIaVIASEQLEFTATON:
fhe same hoeldstrue e the (Consti=
tutional) Heterogeneity: Invariant Hip
16



PROPERTIES OF THE
DISTRIBUTIONAL

HETEROGENEITY DHy OF LOT L

On e contran/AteDistiivutional FEtEre:
JENEINABDHENSTANURCHORIGI

T
T

ENCOnRSHUHEnaNFHEIERO G ENEINACHI

je SiZe (AUMPER Gt CONSHIUERLS) O the

Groups G (theTuttrenecrementsis)

The Constituent DISTRIBUTION thretigh-
out lot L, which accounts for Its name.
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ZERO-DIMENSIONAL
MODEL OF THE
SAMPLING PROCESS

18



2rrors | Efrfstrs
GEE : Global Estimation Error;

ISE  : lotal Sampllng Erraor,

[ISE = otal lSampling Erori(Staget)
IISESE S RH T Ay ASam PIRGRERTOL;
SESEESECON U ARy ASaM PO NEROL;

CSE 1 Correae Sznnalinle) Effor
ISERSN COMECIESam PIRYNETOTE

ESEREUN O M Entel SamplingREor:
GSERNGIOURING ARG ISEGLED I ONNEITOL;

RPSE S ROINTSEIECTIONEMGr;
PMES S RomtViateralization Enrer:

IDE clncrement Delimitation Error
IXE - Increment Extraction Error
IPE @ Increment and Sample Preparation

Error

® Naw/ Nouvelless Notations

Erreur Globale d’Estimation
Erreur Totale d’Echantillonnage
Erreur lotalerdriEchant: (etage i)
Erreur Primaire diEchantilionnage

Erreursecondaire d-Echantilionnage:

reurdrEcChantilionnagerCornec
eurdEchantlionnagesnconrect:

—
—
—_
—
l—'
—_

ErreurrEondamentale diEchantilionnage
Effalr cle Seejracjeiiion &t CrotgSnnei

ENEURGEFSEIECTIONIGE ENROINLS
ErreurdeVateraliSationrderRoeints

Erreur.de Delimitation des Prelevements
Erreur d’Extraction des Prélevements
Erreur. de Preparation des Prelevements

et de ’Echantillon

19




Relationships between Errors

Global Estimation Error: :

GEE = [SE + TAE = (IISE 1+ [ISE 5) + TAE General relationship
SEj = | +ISE otaliStage 1'Sampling Enors

Zgro=climnsiorzl moclel(gaatilziEions) 3
ISE = CSE £ ISE=(ESE £+ GSE) HISE
One=clirngnsionzl reoclel (fre series)

ISE=RPSESCRIVIE

PVE=CSEHISE = (ESEHGSE) HISE
ISE" = IDE £ IXE +IRE
GENENANCESE!

= (PSE + + GSE) + (IDE + IXE +F
(Structural errors) + (circumstancial’errors that.can be cancelled)
(cannot be cancelled) + (can be cancelled)

The total sampling error TSE IS the sum of Six components

20




PROBABILIST SAMPLING

TThe sampling of manageable lotsi CAN
EASILY, therefere MUST be: ...

PROBABILIST

EXCIUdEs alleREpreRARIISIREINGES/CEVICES
eVieweeNprtesgualiauverappieaCirIERE
can ke NE tHERR/ BirReR=preRapIIST SAmPInG:

e develepment efithe prekanilist medel
EXPLICITLY assumes that ALL constituents
U of ot L have a certain prenability: Pm = 0
ofi being selected. Definitions ...

21



THE PROBABILIST

SAMPLING MODEL

hisimedel; developedin 1954: and gene-
ializedin .97 9, IS valid for

AVROEC I BISIG M an a0 Eal| EFSTZE,

ASEG M OWIRGESITEAM ST ONNNE
sezlls of INCGRENVIENTS

[t assUumes thiat the N constittents i o1 12
alie sumitted tora selection With' a prelnaiility
Pi = 0 of being selected.

22



The mean and variance of the ...
lotal Sampling Errer [SE generated when
Pi IS not a constant: have Been figured out.
IIhe most Important conclusion s that ...

When P; # constant, then

m(TSE) is significantly = 0.
THE SAMPLING IS BIASED

Therermulasiiormean ane \VailaRce Can 19e
iURd IRreur latest heeKS but are USELESS
INFPRACTICE, except when sampling IS
CORRECT with P; = P = constant ...

23



PRACTICAL IMPLEMENTATION
OF THE PROBABILIST MODEL

Withi few: excepltions — such as stucdies; on
smallfAUMIBESLS; Gff UNILS IRfaltificiel conditions
—jReremmulias invelVingrtherset e Valles of
Rican kerappliedr e When::

P; = P = constant

L.e. when the selection IS CORREEIT. From
now. on we EXPLICITELY assume that THIS
CONDITION'IS DULY FULFILLED.

24



THE FUNDAMENTAL
SAMPLING ERROR FSE
DEFUI\]JTDJ\J ;
FURdameEntalfSamplinGrEOINESIEE
EMGIFYENRENC IFHJ WHERNRHENNFEIEMERDS

L.,Jr SISURMIECNOIEISEIECUONNEE
VIS EU IO TR ORI AR OINIEING
\ eJe clion ISTaSSUMEM 1o E COIECT)
NE Ry ENEandiIndeEpeEndently:

=

FSE Is the incompressible minimum of TSE.
25




STATISTICAL PROPERTIES OF ESE

B Distrbution :

¢ normalldewn te 1 ppm (er L g/t er 10:°)
% |og-ermzlelow PP

_W\Vilerzin) < in first clooroximneior
m(FS =) = 0 ine seinolitie) 1S tpoleisse
IRFSECERE APRIGXIITALIGRE




B \/ariance : first approximation ...

1-P 1 1

6?(FSE) & - x CHLg[-—— - —] Hi,
P N¢

IIHEISECONEARPIOXIMANGHANSIGIVERNRFGUN;
IEOKSHISHSIUSEIESSHINPIRACHICE:

WhenR the samplingraueistow: and e all
INtents ana PUrPOSES: ...

When Ms<<M_ ¢ c%(FSE) = HI_ / Ms

27



PRACTICAL EXPRESSION OF c4(FSE)
The expression of HIl. can be simplified :

Hi,=zc B fgd® (dimension of a mass)
G s constitutonal iactonR (imaii deines)
BEN D ErRA GNN GO 05!
IR ENR Gl EFShiap ENACIOPIECHCAINVARE= 05
G SIZENGISTHB UGN NACTO O g
0G0 g5 = O PP Gl e S1ZEN©S5Y0 PAaSSING)

1 1

G*(FSE) 2 [ = — ——]cBfgd

28



CONSTITUTIONAL FACTOR ¢

1-a

% [(1-aL) 8a+ aL 3c] (g.cm™)
aL

on andl oc = GERSIES O A and neR-A (G)
Imphiied 9 Highzgrade e =(E =2al) X 0
B SimpliEdr e EoVEGECES CI=on = 2l
B Simpliiied e Uniferm o c=o(d =apn) =ar
UNINSE: orand cralways in g.che (tens:.me)
a, always in decimal value : 1% = 0.01.
1 ppm = 1 g/t = 10° (dimensionless)

AS



LIBERATION FACTOR [:

Its name IS derived from the mineral iIndus-
try where components are intertwined ...

0<B<1 (dimensionless)

GenerallyaspeakingitheroniyisaliesWwayito
ESHIMAEBPNSIEXPERMENTANSEEN OOKS):

eI geId erES; D! Francoeis-Bengaicen
PrOPESES) the fellowWIng EXPression derived
from his studies and experience ...

where djip IS the liberation size ofigoeld. 30




OTHER FACTORS f{, g, d :
i3 shape factor: IS a Coefficient off CUBICILY.

Exce

PGl

b fer flat er elongated elements

cally:: = 0.5

g SIZENAISTHB UGN NACTO)
B eR=Calikratec PeRUIENENS S eI=0:25
B calipratecpepliatienss 0Mi<g < 0.8

0@ 055 GORENING O thersgUare mesrtihat
[etains (er Weuld retain) s % el mass M.

UNITS S 1, b and g are dimensionless,
d should be expressed in cm. chl




NULLIFICATION OF c2(FSE)
1 1

o*(FSE)z[———--—-]cCcpBfgdd
Ms WM
B ISt mathematical selution::

Vis=VIirSamplerS = e U SEIESS;

B Secondimathematcaliseltten::

Hit=c Bigds =0 ¢ [figdsaways > 0
c=0whena, =1 7 LIs pure compenent A

CONCLUSION : the fundamental variance
o%(FSE) Is never zero c4(FSE) > 0 32



MINIMIZATION OF c2(FSE)
1 1

o*(FSE)z[ ——--—]cBfgd?
Ms M,
B EStSeltieRinvelvIng VIS VIS sheuld
WEraS langeras ecenemically possikie:

B Secend selutioRs CBiigidEras smallfas
BESSIBIEN G i glarerdatar eirtnerpreklem: e

ey seltuen’is te reduce d (Selid agments).

CONCLUSION:. Two soelutions : to Increase
Ms and/or to reduce d (with solids only). 33



SOLVING SAMPLING PROBLEMS

Let K be the constant : K= c B fig and 2
be the variance o4(FSE) = Kid® / Ms

We can selve three preblems;:

B KnewWine K Wisraieid; estimate the
cOmespenading fundamental variance =

B KIOWIRNGIKS Goa e d EStiimatertne
MiRIMUMm samplemass: Mso = Kid= /67

B knowing K, Ms andi ep? estimate regui-
ied tep particle size d. Only withr particulate
solids which can be crushed or ground. 34



PRACTICAL COMPUTATION TOOLS

The practical expression of Hl. has been
published in 1951.. To selve sampling pro-
plems, several teoels hiave Been propoesed :

B 1955 Plene Gy Chants
B 9568 RIEE Gy ClcuiaimNemegiani
B 19651 Piene Gy - Sampling SliderRule

COWVIPUTER P ROCRANE

1986/ Pentti Minkkinen : Sampex
1986 : BRGM: : Echant & Samp 1.0
m 1997 : BRGM : Samp 2.0 35




BREAKING UP THE CORRECT
SAMPLING ERROR CSE

O DEEINHHONSATREMINDERSSTRE
CoecHESampling Ermr @35 [Shleleilnlele izl
UERE hioh Jer IElclECVHERFIEINTRUNITLS
| ENEUIEAErSUMILECRONNE

iipl =l LRl ke fenl oo ezle)ifiny

[SUNGUISHIBEIWEEN TWO!




The N elements of lot L can be submitted
to the selection ...

B EIHER one by one and independently.
IS Selection generates the Fundamental
SamplineEMGIESENVVE CAan CoNe PEENR::

L OR 0Y cjrotlos of zleljoinlnle), pen-=lnels-
PENCENT EIEMENTS : tHISIGEREAIES IIE
ADDITIGNALT GreURINg and SEgregation
Error GSE (moest frequent case) :

CSE = FSE + GSE S/



IMPORTANT WARNING
The Error ESE has a deuble pecularity: :

ESE IS the abselute mimnimum eithe
COECHSAMPIINOIENGIRECSE2RENGT
e Toizll Szirnaline) Erffor TSIE

TSE =2 CSE =2 FSE

ESEISthe enly errerthat can ke estimated
ERthe PasIS ol the materal properties
and of the selecting conditions.

38



BEWARE OF FORMULAS

One should not forget, however, AS MANY

PEORLE DO that ESE IS NOT the soele
Eler Invelved andi that It IS the meSt IMpPer-
ranteniyawithrcearserselidssNEVER FORGEN

AN GEIIZSISUCHRASTHENCHINIZCIVIRG
o4(ESE) raeValicrONINAFErCEAIRNIUITIES

eff conditions are fulfilled; namely::
Theselectioniss CORREECH,

The elements are taken ONE BY ONE
and INDEPENDENTLY.

These are VERY SELDOM FULFILLED ! 39



GROUPING AND SEGREGATION
ERROR GSE

S IHEORY S ESENSHHE G JrrJng er e
COECT ENPRF CSE YENEAIEUNVRERTTHE J\J
SIEMENISIEIRNAEISURMItECRENIE Jele
ONE B ONE zigiel |INIPIE RSN BIENTFEY

JACHTUALLRPRACIHCES EIEMENLS alie
extracied By AINCREMENIS ey GROUPS
OF NON-INDEPENDENIFADIOINING ELLE-
MENTS which generates an additional error

40




GROUPING AND SEGREGATION ERROR
GSE IS the error that adds up te ESE when
the elements are submitted to a selection. ...

EANIthrarunifermmiprepanility P el eeing
selected e Selection s CORREEH

_I By ¢jratios of seljoinlre) nor=igelsoein)-
dentrelementSHemmneHENNCRENMENIS:

HEAG|GIRTRGREIEMENTSTAE O ItENTCONIE] 2=
tedfas the resulteirdifferentiali'segreganenin
Earth’s field of gravity. Hence the name of
Grouping and ' Segregation Error GSE .

41



STATISTICAL PROPERTIES of GSE

DISTRIBUTION OF GSE : nermal except
with traces: ...

EXPECHERD VALUEM(GSE) S When the
SElEClon el greupsIs corect s m(GSE) =0

VARIANCE 6A((GSE) SR PRACHEE, Cali e
estimated expermentally ey cifierence; eniy.:

62(GSE) = 6*(CSE) - ¢*(FSE)

6*(GSE)= Y x Z x o*FSE)
with: B Y = Grouping factor,
B /= Segregation factor. 42




NULLIFICATION OF c2(GSE)

o2(GSE), product of three factors Is nullified
When, and enly When, one ofithem IS zero :

B S GroupIingacton= O WRAERIRCIEMERLS
alieii2e0EereiRoNE an e onIVAGHES EIEMENt:

_Z 4 Seejfeiefeition) feietef = 0 Wialsal ciple
ORIVAVAEIN SN ESTEENAVE] FNOMO G ENIZECE

B c4(FSE) S ISTREVER ZErG (SEE aleVe).

CONCILEUSION the oenly way teraulliy GSE
Wwould'be tornemaoegenize L prier tor sam-

pling. Elements distributed at random.

43



MINIMIZATION OF c2(GSE)

HOMOQYENIZING), PErECt OF Not, can e
achieved enly it s small encugh te e
thereughly: mixed.

SA(CSE)

_ BV
_EVA )
By

LSually net Zere, IS miRinized

[RGSmMaliNnCIEMENLS;
XINQ S asitnereugniy as pPessIbie;

NIMIZING 64(FSE) as SEER aleVve.

CONCLUSION: we never try to estimate
GSE. We minimize It as best as we can.

44



ROOTS of FSE and GSE

Stems iiem the sele CONSHHTUNIGO
INALISHENEROGENEINNCH OIS
BIKENCHIIEONVRICHNSHIGPOIIGRE
oa(FSE)ICaMEVERENIUINTECE

L GSE siemsTiiemrtnersele BISTRIBUNI©=
INALRIENEROGENENNDH O
Like' DH| , o2(GSE) can Be minimizead ny.
homogenizing lot L prior to sampling.

45




PROPERTIES OF THE CORRECT
SAMPLING ERROR CSE

he Correct Selection Ennor

CSE IS the

sum of twe, and enly twoe, components :

CSE = FSE + GSE

B2 st ctunal Fene i ESEWRICH caRrREVED
pernulliied uicanPEEStimated anc .

B 2 circumstantiallenorn GSE WRICH

cannot be estimated theoretical

Ve

We know how to minimize bot
GSE and with them CSE.

1 FSE and
46



THE INCORRECT SAMPLING
ERROR ISE

B '.'th]
INCOIECT Sa nplm o] Erwru
nglc; JSE. IS'mere frscpen i)Y JJS

Wi 0) a-dimer O'- o)t . U
ISE will be studied in the seventh part.
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